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Abstract
Motivation: Many methods of identifying differential expression in genes 
depend on testing the null hypotheses of exactly equal means or distribu-
tions of expression levels for each gene across groups, even though a 
statistically significant difference in the expression level does not imply the 
occurrence of any difference of biological or clinical significance. This is 
because a mathematical definition of "differential expression" as any non-
zero difference does not correspond to the differential expression biologists 
seek. Furthermore, while some current methods account for multiple compar-
isons in hypothesis tests, they do not accordingly adjust estimates of the 
degrees to which genes are differentially expressed. Both problems lead to 
overstating the relevance of findings.
Results: Testing whether genes have relevant differential expression can be 
accomplished with customized null hypotheses, thereby redefining 
"differential expression" in a way that is more biologically meaningful. When 
such tests control the false discovery rate, they effectively discover genes 
based on a desired quantile of differential gene expression. Estimation of 
the degree to which genes are differentially expressed has been corrected 
for multiple comparisons.
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Introduction

Microarray  technology  enables  the  simultaneous  measurement  of  the  expression
levels of genes throughout  the genome.  The use of  microarrays to  discover which  genes are
differentially expressed between two or more groups of patients has many biomedical applica-
tions,  including  the  identification  of  disease  biomarkers  that  can potentially  be  used to  better
understand  and  diagnose  diseases.  While  reliable  statistical  methods  for  discovering  which
genes  are  differentially  expressed  have  been  developed,  the  degree  to  which  each  gene  is
differentially  expressed  has  been  largely  neglected  from  a  statistical  viewpoint.  This  paper
addresses  this  deficiency  within  the  statistical  framework  of  multiple  comparison  procedures
(MCPs).

MCPs,  including  p-value  correction  (Westfall  and  Young,  1993),  false  discovery  rate
control (Benjamini  and Hochberg,  1995; Storey, 2002a; Efron and Tibshirani,  2002; Fernando
et al.  2003),  decision-theoretic  optimization  (Storey,  2003;  Müller  et  al.,  2002;  Bickel,  2003b),
and  achievement  of  a  posterior  probability  (Efron  et  al.,  2001;  Genovese  and  Wasserman,
2002)  have  been  applied  to  microarray  data  to  achieve  the  goal  of  discovering  which  genes
are  differentially  expressed.  This  goal  is  distinct  from  that  of  classifying  patients  based  on
gene  expression  profiles,  for  which  discrimination  methods  are  better  suited  (e.g.,  Dudoit,
Fridlyand,  and  Speed,  2002).  It  also  differs  from  the  goal  of  grouping  genes  or  microarrays
together  based  on similar  expression  patterns,  as  in  cluster  analysis  (e.g.,  Bickel  2003a  and
references). The research herein builds on MCPs, with the first goal in mind for the analysis of
data.  However,  the  use  of  receiver  operating  characteristics  in  MCPs  makes  the  discovered
genes potentially  useful  as biomarkers for the classification goal. The use of such genes may
improve the classification accuracy of discrimination methods.

Receiver operating characteristics and Wilcoxon statistics

While  the  degree  of  differential  expression  of  a  gene  between  two  groups  can  be
defined a number of ways, e.g., by a t-statistic, the area under the receiver operating character-
istic curve (AUC) has several advantages.  First,  the AUC, by definition,  takes into account  all
possible  specificities  and  sensitivities;  there  is  always  a  trade-off  between  sensitivity  and
specificity, but the AUC is an overall measure of classification accuracy that includes all possi-
ble  decision  thresholds,  making  the  AUC  particularly  important  for  clinical  settings.  If  X  is  a
random variable representing the expression levels of a gene for one group of patients and Y
is  that  for  another  group,  then  the  AUC  for  the  two  groups  is  equal  to  the  probability  that  a
randomly selected patient from one group will have a greater expression value than a random
patient  from  the  other  group:  AUC = PrHY > X L  (Green  and  Swets,  1966).  This  means  that,
given an abnormal individual and a normal individual, the AUC is the probability that the gene
expression levels can correctly identify them, as Hanley and McNeil (1982) explained in terms
of radiology.  Thus,  AUCs  around 1 ê 2  indicate  a  complete  lack of  discriminating  power (50%
chance  of  correct  identification),  whereas  AUC = 1  indicates  perfect  discrimination  (100%
chance  of  correct  identification;  100%  sensitivity  and  specificity).  Another  advantage  of  the
AUC  is  that  it  is  easily  estimated  by  the  familiar  Wilcoxon  rank-sum  statistic  (Hanley  and
McNeil,  1982),  as  Pepe et al.  (2003)  noted  in the  context  of  microarray  data  analysis.  Since
such  AUC  estimation  is  nonparametric,  it  does  not  require  assumptions  about  the  family  of
distributions  of  the  levels  of  gene  expression;  even  assumptions  about  equal  shapes  of  the
distribution are not needed. Although t-statistics do not require such assumptions when permu-
tations are used to generate the null distribution, the permutations can be very costly in terms
of  computation  time.  Thus,  this  paper  focuses  on  the  AUC  as  the  level  of  differential  gene
expression,  as  estimated  by  the  rank-sum  statistic  (per  Efron  and  Tibshirani,  2002),  but  the
new  methods  apply  to  other  measures  of  expression  differences  as  well.  Alternatives  are
discussed at the end of the paper.
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New methods

This section addresses two questions related to the degrees of differential expression:

1. Which genes have not just statistical significance, but also biologically 
or clinically relevant differential expression? Most determinations of statisti-
cal significance, including commercial software packages that rely on MCPs, 
consider a gene differentially expressed if it has any difference in expression, 
even scientifically negligible differences. Such approaches are misleading 
since a sufficiently large sample size could always find statistical significance 
for every gene. For example, the population ("true") AUC of two groups may 
be approximately 0.501, which is negligible from a clinical point of view since 
classification accuracy would only differ from chance by 0.1%, and yet such a 
difference would be detected if there are enough microarrays. This is not just 
a problem for large sample sizes: the following application to two cancer data 
sets shows that the detection of differential expression depends on the degree 
of difference that is considered biologically relevant. At best, standard meth-
ods give an upper bound on the number of genes that would be considered 
differentially expressed enough to be relevant. This question is answered by 
mathematically redefining what is meant by "differential gene expression."

2. What is the extent to which each gene is differentially expressed? Unbi-
ased methods of estimating the degree of differential expression of one gene 
at a time become biased when applied to thousands of genes at once, as 
seen below. Even commercial software packages that implement p-value 
correction or other MCPs for hypothesis testing suffer from this problem. 
(Corrected p-values do not measure the extent of differential expression since 
a sufficiently large sample size will yield an arbitrarily small p-value for even 
the smallest nonzero difference in expression between populations.)

Method 1: Detecting biologically relevant differential expression

The  method  of  detecting  differential  expression  on  the  basis  of  observed  microarray
data  will  be  presented  in  general  mathematical  terms  that  can  make  use  of  any  reasonable
test statistics,  including  statistics for  both one-sided  and two-sided tests.  For the ith gene out
of m genes represented on each microarray, let ti  be the differential expression parameter for
which the test statistic ti  is an estimator, let t0  be the maximum amount of differential expres-
sion a gene can have without being relevantly differentially expressed from a clinical or biologi-
cal  perspective,  and  let  tmin  be  the  value  of  ti  corresponding  to  no  differential  expression  at
all;  tmin ¥ 0, t0 ¥ tmin ,  ti ¥ tmin ,  and ti ¥ tmin  without  loss  of generality.  ti  will  be referred  to as
the  expression  difference  of  the  ith  gene,  so  t0  is  the  maximum  irrelevant  expression  differ-
ence.  In  statistical  terms,  if  ti § t0,  then  the  ith  null  hypothesis  is  true  HHi = 0L,  but  if  ti > t0,
then it is false HHi = 1L . Thus, for the ith gene, Hi =0 indicates that the expression level is zero
or negligible,  and Hi =1 indicates that the expression level is biologically or clinically relevant.
Hi  is similar to Ri , which indicates whether the ith null hypothesis is rejected Hti < t, Ri = 1L  or
not  rejected  Hti ¥ t, Ri = 0L  for  a  positive  threshold  t.  That  is,  the ith  gene is  thought  to  have
relevant differential expression if Ri = 1, but not if Ri = 0. In false discovery rate terminology, a
rejection of the ith null hypothesis HRi = 1L  is called a discovery of differential expression in the
ith gene, whereas the corresponding  failure to reject HRi = 0L  is called a nondiscovery. A true
discovery  is  the  discovery  of  differential  expression  in  a  gene  that  is  relevantly  differentially
expressed  HHi = Ri = 1L,  whereas  a  false  discovery  is  the discovery  of  differential  expression
in  a  gene  that  is  not  really  relevantly  differentially  expressed  HHi = 0, Ri = 1L .  True  and  false
nondiscoveries  are  similarly  defined.  Most  researchers  select  t0 = tmin  out  of  convenience,
often unknowingly, but that is inadequate since such a selection has no regard for what would
be  considered  a  biologically  or  clinically  relevant  level  of  differential  expression.  It  effectively
tests  whether  there  is  any  difference  in  expression  at  all,  even  when  detected  differences
would be scientifically negligible. Furthermore, given t0 = tmin  and a large enough sample size,
all  genes  would  be  discovered  to  be  differentially  expressed  because  "

i
 ti > tmin  for  any  real

biological  data  set,  even  though  $
i

 ti = tmin  would  be  possible  for  artificial  theoretical  models

and  their  simulated  data  sets.  The  selection  t0 = tmin  corresponds  to  defining  "differential
expression"  as  any  expression  difference,  no  matter  how small.  The  results  of  the  statistical
analysis will have more meaning when genes are only defined to be differentially expressed if
the expression  difference  must  exceed some threshold  level t0  that satisfies t0 > tmin .  By the
suggested definition of relevant differential  expression, the ith gene is only relevantly differen-
tially  expressed  if  ti > t0 > tmin ,  instead  of  the  less  stringent  criterion  ti > tmin.  The  proposed
null  hypotheses  and  definitions  of  differential  expression  are  compatible  with  any  MCP  crite-
rion for  determining the value  of t.  For  example,  the use of values of t0 that  are greater  than
tmin  can be applied to p-value correction (control of a family-wise error rate), control of a false
discovery  rate,  satisfaction  of  a  minimum  posterior  probability  of  differential  expression,  or
decision-theoretic  optimization.  For  illustrative  purposes,  a  variant  of  false  discovery  rate
control is used herein since such control  is much more powerful than p-value adjustment  and
since it is more widely used than the decision-theoretic and probability-threshold approaches.

Since Hi  is a random variable in Bayesian approaches, ti  is also a random variable for
fixed  t0 .  (Bayesian  approaches  treat  estimated  parameters  as  random  variables.The  ith  test
statistic,  ti ,  is  also  a random variable,  and has an observation  denoted  by Ti  for  a particular
sample.)  Storey  (2003)  showed  that  PrHHi = 0 » ti ¥ tL = “HtL,  where  “HtL  is  the  proportion  of
false  positives  (PFP;  Fernando  et  al.  2003),  the  ratio  of  the  expected  number  of  false  rejec-
tions to the expected total number of rejections for the rejection region given by 8t : t ¥ t< . (The
rejection  region  is  the  space  that  contains  only  the  test  statistics  corresponding  to  genes
considered differentially  expressed.) It follows that “HtL = PrHti § t0 » ti ¥ tL,  i.e., “(t) is equal to
a CDF of ti  for ti ¥ t  if PrHti ¥ tL ∫ 0. Although “(t) has several advantages over conventional
false  discovery  rates  (Fernando  et  al.  2003),  it  cannot  be  controlled  in  the  sense  that  Ben-
jamini  and  Hochberg  (1995)  control  the  false  discovery  rate  since  “(t)  is  undefined  when

"
iœ81,2,...,m< PrHti ¥ tL = 0,  which  can  occur  when  all  null  hypotheses  are  true.  This  can  be

addressed by introducing DHtL, defined to be equal to “(t) if the expected number of rejections
is positive, and to be equal to 0 otherwise. (Since DHtL  has additional  advantages in decision-
theoretic analyses (Bickel, unpublished),  it is called the decisive false discovery  rate  (dFDR).)
DHtL,  when  considered  as  a  function  of  t0 ,  is  equal  to  a  CDF of  ti  for  ti ¥ t  even  when  that
CDF is defined, and is equal to 0 when that CDF is not applicable. It follows that t0  is the D(t)
quantile  of  8ti : ti ¥ t<,  i.e.,  of  differential  expression  parameters  that  correspond  to test  statis-
tics in the rejection  region,  when such a quantile  is meaningful.  This observation  can provide
solutions to the following problem. Given t0  and Dgoal,  a fixed value of D(t), find the value of t
that  defines  the  rejection  region.  For  example,  selecting  t0 = tmin  and  Dgoal = 5 %  leads  to
standard  control  of  the  dFDR  in  the  sense  of  rejecting  as  many null  hypotheses  as  possible
with  the  constraint  that  the  dFDR  does  not  exceed  5%.  On  the  other  hand,  selecting
Dgoal = 50 %  gives the rejection region for which some given t0  is the median of ti . If D

` HtL  is a
conservative estimate of D(t), then finding the smallest value of t for which D

` HtL § Dgoal  finds a
conservative rejection region in the sense that the expected Dgoal  quantile of the differences in
expression is at least t0 . (If no null hypotheses are rejected, D

` HtL = 0,  so there is always some
t for which D

` HtL § Dgoal .) This effect of conservative estimation was observed in the first simula-
tion study described below. Storey (2002) proved that estimators of the form of those of Efron
et al.  (2001),  Storey  (2003),  and Efron and Tibshirani  (2002)  are  conservative  under  reason-
able assumptions, so the quantile method of this paper applies to such estimators. They satisfy
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be  considered  a  biologically  or  clinically  relevant  level  of  differential  expression.  It  effectively
tests  whether  there  is  any  difference  in  expression  at  all,  even  when  detected  differences
would be scientifically negligible. Furthermore, given t0 = tmin  and a large enough sample size,
all  genes  would  be  discovered  to  be  differentially  expressed  because  "

i
 ti > tmin  for  any  real

biological  data  set,  even  though  $
i

 ti = tmin  would  be  possible  for  artificial  theoretical  models

and  their  simulated  data  sets.  The  selection  t0 = tmin  corresponds  to  defining  "differential
expression"  as  any  expression  difference,  no  matter  how small.  The  results  of  the  statistical
analysis will have more meaning when genes are only defined to be differentially expressed if
the expression  difference  must  exceed some threshold  level t0  that satisfies t0 > tmin .  By the
suggested definition of relevant differential  expression, the ith gene is only relevantly differen-
tially  expressed  if  ti > t0 > tmin ,  instead  of  the  less  stringent  criterion  ti > tmin.  The  proposed
null  hypotheses  and  definitions  of  differential  expression  are  compatible  with  any  MCP  crite-
rion for  determining the value  of t.  For  example,  the use of values of t0 that  are greater  than
tmin  can be applied to p-value correction (control of a family-wise error rate), control of a false
discovery  rate,  satisfaction  of  a  minimum  posterior  probability  of  differential  expression,  or
decision-theoretic  optimization.  For  illustrative  purposes,  a  variant  of  false  discovery  rate
control is used herein since such control  is much more powerful than p-value adjustment  and
since it is more widely used than the decision-theoretic and probability-threshold approaches.

Since Hi  is a random variable in Bayesian approaches, ti  is also a random variable for
fixed  t0 .  (Bayesian  approaches  treat  estimated  parameters  as  random  variables.The  ith  test
statistic,  ti ,  is  also  a random variable,  and has an observation  denoted  by Ti  for  a particular
sample.)  Storey  (2003)  showed  that  PrHHi = 0 » ti ¥ tL = “HtL,  where  “HtL  is  the  proportion  of
false  positives  (PFP;  Fernando  et  al.  2003),  the  ratio  of  the  expected  number  of  false  rejec-
tions to the expected total number of rejections for the rejection region given by 8t : t ¥ t< . (The
rejection  region  is  the  space  that  contains  only  the  test  statistics  corresponding  to  genes
considered differentially  expressed.) It follows that “HtL = PrHti § t0 » ti ¥ tL,  i.e., “(t) is equal to
a CDF of ti  for ti ¥ t  if PrHti ¥ tL ∫ 0. Although “(t) has several advantages over conventional
false  discovery  rates  (Fernando  et  al.  2003),  it  cannot  be  controlled  in  the  sense  that  Ben-
jamini  and  Hochberg  (1995)  control  the  false  discovery  rate  since  “(t)  is  undefined  when

"
iœ81,2,...,m< PrHti ¥ tL = 0,  which  can  occur  when  all  null  hypotheses  are  true.  This  can  be

addressed by introducing DHtL, defined to be equal to “(t) if the expected number of rejections
is positive, and to be equal to 0 otherwise. (Since DHtL  has additional  advantages in decision-
theoretic analyses (Bickel, unpublished),  it is called the decisive false discovery  rate  (dFDR).)
DHtL,  when  considered  as  a  function  of  t0 ,  is  equal  to  a  CDF of  ti  for  ti ¥ t  even  when  that
CDF is defined, and is equal to 0 when that CDF is not applicable. It follows that t0  is the D(t)
quantile  of  8ti : ti ¥ t<,  i.e.,  of  differential  expression  parameters  that  correspond  to test  statis-
tics in the rejection  region,  when such a quantile  is meaningful.  This observation  can provide
solutions to the following problem. Given t0  and Dgoal,  a fixed value of D(t), find the value of t
that  defines  the  rejection  region.  For  example,  selecting  t0 = tmin  and  Dgoal = 5 %  leads  to
standard  control  of  the  dFDR  in  the  sense  of  rejecting  as  many null  hypotheses  as  possible
with  the  constraint  that  the  dFDR  does  not  exceed  5%.  On  the  other  hand,  selecting
Dgoal = 50 %  gives the rejection region for which some given t0  is the median of ti . If D

` HtL  is a
conservative estimate of D(t), then finding the smallest value of t for which D

` HtL § Dgoal  finds a
conservative rejection region in the sense that the expected Dgoal  quantile of the differences in
expression is at least t0 . (If no null hypotheses are rejected, D

` HtL = 0,  so there is always some
t for which D

` HtL § Dgoal .) This effect of conservative estimation was observed in the first simula-
tion study described below. Storey (2002) proved that estimators of the form of those of Efron
et al.  (2001),  Storey  (2003),  and Efron and Tibshirani  (2002)  are  conservative  under  reason-
able assumptions, so the quantile method of this paper applies to such estimators. They satisfy

(1)“
` HtL ª

p̀0 I1 - F
`

0 HtLM
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1 - F
` HtL for F

` HtL ∫ 1,

where  p̀0,  F
`

0 HtL,  and  F
` HtL  are  estimators  of   the  proportion  of  null  hypotheses  that  are  true

(the  proportion  of  genes  that  are  not  differentially  expressed),  of  the  distribution  of  null  test
statistics, and of the distribution of all test statistics, respectively. “

` HtL  can be used to estimate
the  false  discovery  rate  of  Benjamini  and Hochberg  (1995)  or,  with  modification,  the  positive
false  discovery  rate   (Storey,  2003)  under  the  independence  or  weak  dependence  of  test
statistics  (Storey,  2003).  Without  assumptions  about  the  dependence  of  test  statistics,  “

` HtL
also estimates the PFP (Fernando et al. 2003), which is equivalent for random Hi  to the Baye-
sian false discovery rate (Efron and Tibshirani, 2002). The definition of D(t) suggests its estima-
tion by

(2)D
` HtL ª

“
` HtL, F

` HtL ∫ 1

0, F
` HtL = 1

.

F
`

 is  an  empirical  distribution  of  the test  statistics,  F
`

0  can  be an empirical  distribution  of  test
statistics  after  permutation,  and  there  are  various  ways  to  compute  p̀0 .  Here,  we  use  the
conservative selection p̀0 ª 1 for simplicity, following Benjamini and Hochberg (1995). 

Equations  (1) and (2)  are  appropriate  when  the test  statistics  are  defined  such that  a
sufficiently high test statistic implies a discovery, the rejection of a null hypothesis that a gene
is  not  differentially  expressed,  e.g.,  Ti  could  be  the  absolute  value  of  a  t  statistic  for  a  two-
sided test. (The notation can be slightly modified for more general rejection regions, for exam-
ple, for asymmetric regions.) If p-values P1, P2, …, Pm  are used in the place of test statistics,
so that Ri = 1if Pi § P  or Ri = 0  if  Pi > P  for some positive threshold P,  equations (1) and (2)
become
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(3)“
`

P ª
p̀0  P
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
F
` HPL for F

` HPL ∫ 0,

and

(4)D
`

P ª
“
`

P , F
` HPL ∫ 0

0, F
` HPL = 0

,

since  the  distribution  of  p-values  is  uniform  under  the  null  hypothesis  (Storey,  2002a;  Gen-
ovese  and Wasserman,  2002).  In  this  case,  F

` HPL  is  the proportion  of  observed p-values  that
are less than or equal to P.

The  dFDR  is  controlled  by  rejecting  as  many  null  hypotheses  as  possible,  subject  to
the  constraint  D

` HtL § Dgoal  or  D
`

P § Dgoal .  Since  the  AUC  is  important  in  clinical  settings,  and
since  the  Wilcoxon  rank-sum  statistic  estimates  the  AUC,  the  p-values  of  the  two-sided  Wil-
coxon rank-sum test  were used as P1, P2, …, Pm  to compute D

`
P . Then D

` HtL  was defined to
satisfy D

` HtL = D
`

P  for the purpose of the above quantile interpretation.  (Wilcoxon statistics also
have the advantages that statistical tests can be performed without distributional assumptions,
and  that  they  are  invariant  to  monotonic  transforms  of  the  data  such  as  the  log  transform.
Furthermore,  a  normal  approximation  can  be  used  with  Wilcoxon  statistics  to  speed  calcula-
tions by obviating permutations.)

Method 2: Correcting the bias in estimates of expression differences

Let ri  be the rank of Ti , the observed test statistic of the ith gene, such that Ti  is the 
ri  th smallest observed test statistic among all m genes. Similarly, let ri  be the rank of ti . The 
problem to be corrected is that, for a large rank r, E 8ti » ri = r < > E 8ti » ri = r <  if ti  is an unbiased 
estimator of ti , i.e., if E 8ti < = E 8ti < . What is desired is an estimator t̀ i  that satisfies 
E 9t̀ i » r̀i = r = º E 8ti » ri = r < , where r̀i  denotes the rank of t̀ i . If "

i
 ri = i , then E 8ti » ri = r < = E 8tr < , 

so that t̀ i  should satisfy E 9t̀ i » r̀i = r = º E 8tr <. (Ti  is an observation of the variable ti , but for 

simplicity of notation, other observations are not distinguished from their random variables.) 
Since the bias, E 8ti » ri = r< - E 8ti » ri = r < , is due to using the same data to rank the genes that 
is used to estimate the effect sizes (expression differences), it can be reduced by randomly 
designating half of the microarrays as "microarrays for ranks" to determine the ranks, and the 
other half as "microarrays for expression" to estimate the expression differences. This is 
accomplished by estimating the expression difference of the gene with the rth smallest expres-
sion difference in 8Ti <i=1

m  by the mean expression difference of the microarrays for expression 
for the genes whose ranks among the microarrays for ranks are equal to r. If the new expres-
sion difference is greater than the original one, the original one is used in its place since a 
positive bias is being corrected. This procedure may be implemented by the first 12 steps of 
the algorithm of Appendix A (online supplement). In mathematical terms, the expression 

difference of the ith gene is estimated by t̀ i = minJTi ,
1ÅÅÅÅJ  ‚

j=1

J
t j,Hri L*** N , where J is the number of 

times microarrays are chosen without replacement for ranks or for expression, and where, for 
the jth iteration, t j,Hri L***  is the test statistic of the microarrays for expression for the gene with the 

ri  th lowest test statistic of the microarrays for ranks. It can be seen that the ranks and the 
expression differences are determined from different microarrays since the ranks of 8Ti <i=1

m  

correspond to the ranks of 8t j,i
** <

i=1
m , whereas 8t j,i

** <
i=1
m , 8t j,i

* <
i=1
m , and 8t̀ i <i=1

m
 correspond in genes. 

Thus, unlike 8Ti <i=1
m , 8t̀ i <i=1

m
 can be used to make inferences about the expression differences 

of genes with certain ranks given by 8Ti <i=1
m . For example, by using 8t̀ i <i=1

m
, the investigator will 

have a better idea of what the expression values are of the genes that were identified as 
differentially expressed by controlling the false discovery rate at the 5% level.

However, this method has the problem that a gene thought to be more differentially 
expressed than another can have a lower estimated expression difference, i.e., ri § r j  does 
not imply that t̀ i § t̀ j .  That can be solved by enforcing monotonicity as in step-down methods 
of controlling a family-wise Type I error rate (Westfall and Young, 1993), using a bias-cor-
rected estimator tèi  that satisfies "i, jœ81,2,…,m< ri § r j fl tèi § tè j . It is computed as follows. Let 
lHr L be the function of a rank such that lHmL  is the index of the gene with the highest value of 
the uncorrected statistic HrlHmL = mL, lHm - 1L is that of the next highest HrlHm-1L = m - 1L,  and so 
on, so that "

rœ81,…,m< rlHr L = r  and the index of the gene with the lowest value of the uncorrected 

statistic is lH1L . Then tèlHmL = t̀ lHmL  and "
rœ81,…,m-1<  tèlHrL = minIt̀ lHrL , tèlHr+1L M . Thus, except for ties, 

the ranks of the corrected estimates 8tèi <i=1
m

 are the same as those of the uncorrected esti-
mates 8Ti <i=1

m , as desired. This enforcement of monotonicity adds three steps to the algorithm 
of Appendix A.
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Results

Simulation

Determining which simulated genes have relevant differential expression

How closely t0  matches the actual Dgoal  quantiles for actual rejection regions was 
determined by simulation. Each simulated set of microarrays consists of two samples of 20 
microarrays each, with 5000 genes per microarray Hm = 5000L. For the first sample, called the 
control sample, each expression value is drawn from N(0,1), where NHm, s2 L  is the normal 
distribution with mean m and standard deviation s. For the second sample, called the treat-
ment sample, each expression value is drawn from NHmi , 1L, where i, the gene index, satisfies 
i œ 81, 2, 3, …, 5000<  and mi,treatment = 5 Hi ê 5000L8 . As with real expression data, even the 
irrelevant, negligible expression differences are not exactly equal to zero, though 
mi,treatment - mi,control º 0 for i d 2000 (Fig. 1). The probability that, for the gene with index i, a 
randomly selected observation in the treatment sample is greater than one in the control 
sample is equal to the AUC for that gene, as noted under "Significance and Background": 
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(5)AUCHXi ,treatment , Xi,control L = 1ÅÅÅÅÅÅÅÅ
2 p

 Ÿ-¶

¶ IŸx

¶
expI- x2 +Hy-mi,treatment L2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2

M d yM d x.

A numerical integration shows that small differences in the mean expression level of a gene 
correspond to values of AUC near 0.5, making them clinically irrelevant, whereas large differ-
ences (mi,treatment - 0 t 4) correspond to values of AUC approaching 1, as seen in Fig. 2.

Figure 1

mi,treatment  as a function of i. As with real expression data, even the 
irrelevant, negligible expression differences are not exactly equal to 
zero, though they appear to be zero for low i .

Figure 2

AUC ti

0 1 2 3 4 5
Treatment mean expression mi,treatment

0.5

0.6

0.7

0.8

0.9

1

True area under the ROC curve (PrHXi,treatment > Xi,control L ), as a 
function of mi,treatment  for the simulated data. As expected, small 
differences in the mean expression level of a gene correspond to 
values of AUC near 0.5, whereas large differences correspond to 
values of AUC approaching 1.
                                     Figure 2
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The best possible AUC is taken to be the expression difference of interest for gene i: 

(6)
ti =max 8PrHXi ,treatment > Xi,control L, PrHXi,control > Xi,treatment L<  
= » PrHXi ,treatment > Xi,control L - 1 ê 2 » +1 ê 2;
tmin = 1 ê 2.

This equation is used, instead of simply setting ti  to PrHXi,treatment > Xi,controlL , in order to 
ensure that the analysis would also apply to the more general case in which the treatment 
causes genes to tend to be less expressed than in the control group. In other words, the 
absolute value enables two-sided tests of the AUC. In the case of the simulated data, the 
equation reduces to ti = PrHXi,treatment > Xi,controlL . Then, since Wi , the Wilcoxon rank-sum 
statistic for the ith gene, is an estimator of the AUC, an estimator of ti  is

(7)ti = max 8Wi , 1 - Wi < = » Wi - 1 ê 2 » +1 ê 2.
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For Wi  to estimate the AUC, it must be normalized to lie between 0 and 1, as follows. For all
possible treatment-control comparisons of the ith gene, Wi  is the sum of the number of compar-
isons for which the expression  value of the treatment  group is greater than that of the control
group  and  half  the  number  of  comparisons  for  which  the  expression  value  of  the  treatment
group  is  equal  to  that  of  the  control  group,  divided  by  the  total  number  of  comparisons.  In
other words,

(8)

Wi =
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ntreatment  ncontrol

 I … 8H j, kL : j œ 81, 2, …, ntreatment <, k œ 81, 2, …, ncontrol <, xi, j,treatment > xi,k,control <
i, j=1
n …

+ … 8H j, kL : j œ 81, 2, …, ntreatment <,
k œ 81, 2, …, ncontrol <, xi, j,treatment = xi,k,control <

i , j=1
n … ê 2M,

where xi, j,treatment  is the observed expression value of the ith gene of the jth treatment microar-
ray, and xi, j,control  is the observed expression value of the ith gene of the jth control microarray.

The simulations quantify how close the Dgoal  quantile of the expression differences of 
the genes with test statistics in the rejection region is to t0 , the desired quantile. This was 
accomplished by using by using the known values of ti  and finding the value of P for which 
D
`

P § Dgoal  and D
`

P º Dgoal.  For example, the settings Dgoal = 50 % and t0 = 0.60 were used to 
find the value of t for which the median value of the ti s with p-values in the rejection region is 
at least 0.60. (An AUC of 0.60 means that 60% of the time, a random observation from the 
treatment group will be greater than a random observation from the control group for a given 
gene.) Likewise, setting Dgoal = 5 % and t0 = 0.60 determined which genes to consider differen-
tially expressed such that the 5th percentile of the ti s with p-values in the rejection region is at 
least 0.60. The results for the simulated data set are displayed in Table 1, which gives the 
simulation quantiles of genes in the rejection region for Dgoal = 5 % (5th percentile) and 
Dgoal = 50 % (50th percentile or median). For real data, the true quantiles, those of 8ti : Ti ¥ t<,  
are unknown, but Table 1 suggests using t0  and the quantile of observed test statistics in the 
rejection region as lower and upper bounds on each true quantile, respectively. The desired 
quantile, t0, is a good lower bound on the true quantile because D

`
P  is a conservative estimate 

of DP , i.e., EID
` HtLM ¥ EHDHtLL  under the independence of test statistics (Storey, 2002). The 

sample quantile is a good upper bound because the observed test statistics, 8Ti : Ti ¥ t<, have 
an upward bias due to the multiple comparisons problem: they were chosen because they are 
high enough to be in the rejection region. Nonetheless, lower and upper bounds on the quan-
tiles do not estimate the degree to which each individual gene is differentially expressed.
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Table 1

Goal 5 th percentile,
t0

5 th percentile
of 8ti : Ti ¥ t< 5 th percentile

of 8Ti : Ti ¥ t<
0.50 0.59 0.74

0.60 0.81 0.86

0.70 0.93 0.96

Goal median,
t0

Median of8ti : Ti ¥ t< Median
of 8Ti : Ti ¥ t<

0.50 0.70 0.74

0.60 0.94 0.94

0.70 0.98 0.98

Estimating the expression differences of the simulated genes

The  estimator  tèi  was  tested  by  applying  it  to  the  simulated  data  set  of  Table  1  with
J = 50. The AUC bias is  plotted as a function of  the true AUC in Fig.  3. The bias for each of
5000  genes  is  estimated  as the  estimate  of  expression  difference  minus  the  true  expression
difference ti , as a function of ti . (Here, expression differences are AUCs.) The top curve is the
estimated bias of ti , and the circles are the estimated biases of tèi , for i œ 81, 2, …, 5000<.  As
expected, the bias of tèi  is lower than that of ti . For many values of the AUC, the negative bias
of tèi  is greater than the positive bias of ti , but negative biases are less of a problem since they
are  conservative.  (A  negative  bias  means  that  the  estimate  is  probably  less  than  the  true
AUC.)

Figure 3

The estimated bias of two estimators of expression difference. 
The bias for each of 5000 genes is estimated as the estimate of 
expression difference minus the true expression difference ti , as a 
function of ti . (Here, expression differences are AUCs). The top 
curve is the estimated bias of ti , and the circles are the estimated 
biases of  tèi , for i œ 81, 2, …, 5000<.
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Applications

Applications of the new methods to two cancer data sets and to a case of no differen-
tial  expression  are  described  in  the  online  supplement.  They  illustrate  the methods  and indi-
cate how much the methods can improve data analysis.

Discussion

While  either  of  the  two  methods  proposed  could  be  applied  without  the  other,  they
naturally  go  together  since  both  are  concerned  with  effect  sizes  (expression  differences),
since  both  rely  on  a  set  of  test  statistics  8ti <i=1

m ,  and  since  an  investigator  interested  in  the
results  of  one  method  would  often  be  interested  in  the  results  of  the  other:  the  first  method
tells  the  investigator  which  genes  can  be  considered  differentially  expressed  without  saying
anything about the levels of differential expression, and the second method yields estimates of
expression  differences  without  saying  which  genes  have  differential  expression  between  two
larger populations represented by the data at hand.

Investigators  can  choose statistics  and parameters  to  tailor  the  methods  to  their  spe-
cific  goals  in  examining  the  data.  These  are  application-specific  decisions  that  cannot  be
made on the basis  of statistics  alone.  The  definition of  expression  difference  as the AUC (6)
and the choice of the Wilcoxon statistics (7) as estimators have many advantages,  especially
for clinical settings, as mentioned above. Since the AUC is the area under a plot of the sensitiv-
ity versus 1 minus the specificity, a biomedical  researcher can choose  t0  on the basis of the
minimum sensitivity  that  is  clinically  acceptable  at  each  specificity.  Alternately,  to  avoid  such
plots,  t0  may  be chosen  as the  lowest  clinically  useful  probability  of  correctly  classifying  two
individuals, with one individual randomly selected from each of two groups. However, a defini-
tion of the expression difference that is a function of a fold change, with an appropriate estima-
tor  similar  to  a  t-statistic,  may  be  better  for  some  studies.  For  example,  an  investigator  may
consider average fold changes of at least 1.5 to be biologically relevant, in which case t0 = 1.5
for  an  appropriately  defined  ti .  (This  differs  from  the  statistically  unsound  procedures  that
consider genes differentially expressed that have estimates  of fold changes of at least a given
threshold.)

While  it  may  be  helpful  for  comparison  purposes  to  make  the  conventional  choices
t0 = tmin  and  Dgoal = 5 %, the choice t0 = tmin  is too low for a thorough study of biological data
since  it  would  imply  that  all  genes  are  differentially  expressed  and  would  be  discovered  as
such, given a large enough sample size. The exact choices of t0  and  Dgoal  may not always be
suggested  by  the  biology,  in  which  case  investigators  can  benefit  from  seeing  results  for
different  choices  presented  as  in  Tables  2  and  3.  Alternately,  investigators  may  decide  on
values  of  t0  and   Dgoal  on  the  basis  of  the  bias-corrected  estimates  8tèi <i=1

m
.  Some  of  the

choices  available  to  investigators  are  presented  in  Table  4  of  Appendix  B  of  the  online
supplement.
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