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• All criteria are 
invariant to rigid body 
motions of the points

•Invariant to dilations of 
the points

•Jeeemphasizes errors 
regardless of the size of 
the dij

•Jff emphasizes large 
fraction errors regardless 
of whether |dij - dij| is 
large or small

•Jef is a compromise
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Description3.4658769�:<;�9=7>469�4 ? ;@5�A6:6B C8;@D�E A6B F�B ;@5G4IHJB 9�46K�E�HIC=KGE B 4IL

Usage
isoMDS(d, y = cmdscale(d, k), k = 2, maxit = 50, trace = TRUE, tol = 1e-3) Arguments

d

F�B HIA<KG4<C=5 HIA6:MD=C=A<D=:M589=7�A=N=58769�:<;O:M5�A<D�:<465�FQPSR

dist TVU�WYX8Z6[G\%\'T^]<_2`V`@a�b6W<c d>`@X�b6W<c egfVh"X�b<X

XGWMa8XJ]<]I[�`@a�ijb<U8kGa8i�c ]<]Jc `Vc%\ XGW6c b=c aJ]lU�W�WMa�\ X�b=c m<a8i�c ]Ib<X�n6d=aJ]ST/kG[=b�`@[o] b�kGaqpJUo]Jc b=c m<a8aJe�d=aJpJb

Z6U�Wr]Ia�\ Z s i�c ]Ib<XGn6d=a"f

y t&n c n=c b=c XG\"d=U=n6Z�c uJ[�WMX=b=c U�n�f&v�Z>n6U�n6ajc ]�]I[op=p2\%c a�i"T cmdscale c ]l[o]Ia�ijb<UwpSWMU=m=c i�a8b=x=a8dG\ XJ]<]Jc d=XG\

]IUG\ [=b=c U�n�fgyzx=a8i�c `@aGnI]Jc U�n�U=Z�b=x=ajc n�c b6c XG\"d=U�n6Z�c uJ[�WMX�b6c U=n�i�a�b<aGW<`/c n6aJ] b=x=X�b�U=Z�b=x=a8XGnI]<{|aGWGf

k yzx=a i�aJ]Jc WMa�iji�c `@aGnI]Jc U=n�Z6U�WYb=x=aq]IUG\ [=b=c U�nGT^pJXJ]<]Ia�ijb<U cmdscale f

maxit yzx=a `@XJe�c `@[=`On6[�`@kGaGWYU=Z8c b<aGWMX�b=c U�nI]�f

trace}=~o•S€ •=‚Gƒ „6~�…Y†6…M‚=•G€ ‡I•q~oˆJ†6€ ‰V€ Š=‚�†=€ ~�‡�‹VŒ"•�„6‚�ŽGƒ † TRUE ‹

tol •=~�‡6•<•G…••J•G‡6•=• †<~Gƒ •G…M‚G‡6•=•"‹

Details‘z’

€ “l•

’

~=~o“I•J“l‚ ” • –�— ˜@™GšI›J— œ�š6•Gž"Ÿ –�™�¡6•�¢Gž £�¤j¥ ¦2§^¨=œ�š6¡�— ©J¢�ªM•�£6— œ�š�£<œ>˜/— š=— ˜/— «=™8£=¬=™q›I£6ªM™J›<› ­

£=¬=™q›<®J¢=•GªM™ ªMœ=œ=£�œ=¡�£=¬=™ ªM•�£=— œ>œ=¡�£=¬=™¯›I¢�˜�œ=¡l›<®J¢=•GªM™�–j–�— ¡6¡6™GªM™Gš6¨=™J›w° ™�£²±|™�™Gš�£=¬=™j— šI³J¢=£

–�— ›I£<•Gš<¨=™J›l•Gš6–j£=¬=œo›I™8œ=¡�£=¬=™8¨=œ�š6¡�— ©J¢�ªM•�£=— œ�š�£Mœ>£=¬=™q›I¢�˜�œ=¡�¨=œ�š6¡�— ©J¢=ªM• £6— œ�š�–�— ›I£<•Gš6¨=™J›

´<µJ¶=·G¸M¹�º�»V¼�½o¾|¹�¿<¹G¸=ÀVÁ=Â=¹jÃ ÄIÅJ¶=Á�º�Ã ´IÁ<·GÄ6Æ=¹J´l·G¸M¹8·�Ç%Ç ½o¾|¹=ºj· È@½�Ä6½=ÁM½�Ä�Ã Æ>Á6¸ ·GÄI´IÉ6½�¸MÈ@·�Á=Ã ½�Ä�»

Ê

Ä8Ã Á<¹G¸M·�Á6Ã ¿<¹8·�Ç ËJ½�¸6Ã Á=Â=ÈÌÃ ´l¶o´I¹�º"À^¾zÂGÃ ÆGÂw¾gÃ%Ç Ç"¶o´I¶=·�Ç Ç Í¯Æ6½�Ä6¿<¹G¸•ËJ¹jÃ Ä�· ÎMÏ=Ð�Ñ6ÒÔÓ=ÕÔÖ ×<ØGÎMÙ�×6Ö Ï�ÑIÚ�Û

Ü

Úl×=ÝGÖ ÚqÖ ÚwÑ6Ø�Þ=ØJÚ<ÚIÙGÎ6Ö%ß à¯ÙGÑ ázâäã&åçæIè é=êGë é=ìGë ê=í=î ï�ðGñ/î í>î ò�òJë ïoóõô6ï�ö�ë êGö•÷Jø8ù�ê�í<êJòIø�í²ò�ú@ûGì�öMí=ü=øGö=ñ

òJî ð6é=ø8í=ü=ø8é=ï�ð6ô�î ÷Jì�ö�ê�í=î ï=ð8î òlï�ð�ë ý¯ù�ø�í<øGöMþ/î ð6ø�ùjìoÿqí<ï8ö�ï=í<ê�í=î ï�ðIòlêGð<ùQö ø�ô�ë ø�é=í=î ï=ðIò����Sý

é=ï�ð��<øGð6í=î ï�ð�í=ü=ø é=øGð6í6öMï�î ù î òlê�í�í=ü=ø8ï�ö6î ÷Sî ð��•ñVí=ü=ø öMøJòIì�ë í�é=êGð��<êGö•ýqé=ï�ðIòJî ù�øGöMê	��ë ý¯ô=öMï�þ

þ@ê�éGü�î ð6ø8í<ï8þ@ê=éGü�î ð6ø"ú

Value 
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points�
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 � ��
	 !��"��#$�����$
�%&
�'���(��)'�* �$�$��+,��
���'�* -�!�%/.���* 
��

0

stress


�(�� '�* ��.1 2����%/���$��.��	(	* ��#$��+,34* �����	%/���	����5

0

Side Effects6�'

trace

* ����%/!��

7
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4763?�N OQP=R+S�T8U�VXWYO�Z\[/]8^H_

`7a3U�b c8dfe=g+h�i8j�dXkmlon�nqp+d/r

s7t3j�u c(rQe=g+h�i8j�dXk�cvcIr�w�c�l

s7t3j�u l(dfe=g+h�i8j�dXkEdvx/p#c+lIx

s7t3j�u y+zQ{=|+}�~8•�€X•E€C‚vƒH„(z+…

†7‡3•�ˆ ƒ�€f{=|+}�~8•�€X•E€Hƒ+‚vz�…vz

†7‡3•�ˆ ƒ�zQ{=|+}�~8•�€X•E€#y(…Š‰qz+…

†7‡3•�ˆ ‰‹€f{=|+}�~8•�€X•E€#yI€CŒ�‰‹…

†7‡3•�ˆ ‰qzQ{=|+}�~8•�€X•E€�„=€K‰•…Cy

†7‡3•�ˆ ‰qzQ{=|+}�~8•�€X•E€v€v…v…Š‰K€

†7‡3•�ˆ ‰qzQ{=|+}�~8•�€X•E€v€v…v…�€�„

Ž�•�•=‘+’<“=‘+’�”8•�–X—E–v–/˜�˜�–�™

š�›(œ3•=ž�Ÿ1 (ž(¡

¢8£�¤

›=¥3¦ §�§ ¨ ©�ª
›(«*¡+ª ¬#­8®+¯�°3±3²8³�´¶µ8·
´ ¸�¸ ¹ ¯�²
®(º*»+² ¼#½8¾+¿�À3Á3Â8Ã�Ä�Å(Æ
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Description���! #"!$&%(')$*"+�!$&� , '- &.!%!/ 0#'-1&2 .!/ 34/ '- 5�768/ $&�!9�2:670*952 / �7;

<

Usage
sammon(d, y = cmdscale(d, k), k = 2, niter = 100, trace = TRUE, magic = 0.2, tol = 1e-4) 
Arguments
d

3	/ 67.(95�(0* 67.!%=1*0*.(1*%= #$*"�.*>* #"!$&%('?%= &.(1&%(�! &3A@�B

dist C

$&%D9#"!152E2

C

6(BF'G'- &.!%(/ 0+'-9&.!%(/ H

<GI

9&.(9

95%= #986(671&'- &3J.($#@5 #3	/ 6(68/ 'G/E2 95%!/ .*/  86K$&%�%= �2 9&.*/ L( #3	/ 67.(9&�!0* 86

C

@51*.�'-1M6 .�@5 ON8$M68/ .*/ L( # 8HP0* 8N8.

"!$&%Q67 �2 " , 3	/ 67.(95�!0* 

<SR

>5/ 6K0*95��0*$&�!.(95/ �+'G/ 6(68/ �7;OL(9�2 1* 86

<

y T

� / �*/ .*/ 952�0*$*�!"&/ ;81&%=9*.*/ $&�

<�U

"+�!$&�! J/ 6�671MN*NF2E/  &3

C cmdscale
/ 6K1M67 &3J.($VN�%=$*L*/ 3� #.*>* #052 986(68/ 0*952

67$52 1*.*/ $&�

<�WXU

"�.*>* 5%= #95%= �'�/ 6(68/ �7;OL(9�2 1* 86O/ �

d C

95�#/ �&/ .!/ 9�2	0*$&�!"&/ ;81&%Y9&.*/ $*�+'-1M67.�@5 ON�%=$*L*/ 3� &3

<[Z

k R

>* 3	/ '- 5�768/ $&��$*"�.*>* #0*$&�!"&/ ;81*%=9&.*/ $&�

<

niter R

>* '-9MH:/ '-1*'?�!1&'-@5 5%D$*"#/ .( 5%=9&.*/ $*�76

<

trace\

$M;�/ 0*952 "!$&%D.!%=9*05/ �7;O$MN8.!/ 'G/ ]*9&.*/ $&�

<GI

 &"!9&152 .

TRUE <

magic
/ �&/ .*/ 952 ^(_�` a*b#c*d�e*f*bOg7e(b8h#g8i j*b#k*c&l7g7e(_5l!e+i l�m4i _8nMc&l!_�`�oGb8pqe(c&l�r-b&e*f*c*m

s

tol t

c5` b5u=_5l!k*b d!c&uQg7e(cMh*hFi l7n

v

i l�a&l&i ewgKc*dKg7e!u=b8g(g

s

Details
t

f5i gKk5f*c*cMg7b8gK_#ewpqc x m4i r-b5l7g8i c&l(_�`	k*c&l!d&i n8a&u=_*e*i c&l�e=c#rGi l&i r�i j*b#e*f*bOg7e!u=b8g(g

v

e*f&bOg7a&r)c*d

g(y8a*_5u=b&mJm	i d!d!b5u=b5l!k*b8gVz5b&ewpqb&b5l�e*f*bJi l7h8a*e�m	i g7e(_5l!k*b8gK_5l!mJe*f*cMg7b#c*d�e*f*b k*c&l!d&i n8a&u=_&e*i c&l

v

pqb�i nFf*e(b&mAz�{|e*f*b#m4i g7e(_5l!k*b8g

v

e*f*bOp}f*c5` bOg7a&r?z5b�i l7nVm4i ^*i m�b&mJz�{|e*f*bOg7a r)c*d#i l7h8a*e

m	i g7e(_5l(k*b8gKe(c#r-_5~*b#e*f*bOg7e!u=b8g(g�g7k*_�` b x d*u=b&b

s

•

l#i e(b5u=_&e!i ^(b#_�` n8c&u!i e*f*r€i gKaMg7b&m

v

p}f5i k5fVpSiE` `�aMg7a*_�` ` {|k!c&l!^(b5u•n8bJi l�_ u=c*a&l!mA‚5ƒ„i e(b5u=_&e!i c&l7g

s

•

gKe*f5i gOi gVl!b&k*b8g(g7_5u!iE` {|_5l …}†ˆ‡�‰‹Š7Œ k*_5` k*a5` _*e*i c&l

v

i e+i g�g8` cMp•d!c&u�` _5u•n8b#m�_&e(_8g7b&ewg

s-Ž

a&u=e*f*b5u

v

g8i l!k*b#e*f*b#k*c&l!d&i n8a&uY_&e*i c*l#i gKc&l&` {|m�b&e(b5u=r�i l!b&mJaMhOe(c#uYc*e(_&e*i c&l7gK_5l(mAu b&d&` b&k*e*i c*l7gK•
z�{

k*c&l!^(b5l!e*i c&l�e*f*b k*b5l!e!u=c&i m i gK_&e�e*f*b#c&u!i n�i l7•

v

e*f*b�u=b8g7a�` e�k*_5l�^(_5u•{Ok*c&l7g8i m�b5u=_5z�` {|d*u=c&r

r-_&k5f&i l!b#e(c#r-_*k5f&i l!b

s�‘

l�e*f5i gVu=b�` b&_8g7b#e*f*b#_�` n8c&u!i e*f&r?f*_8gVz5b&b5l+r-c*m	i d i b&mAz�{|_*m�m4i l7nO_

g7e(b8h x ` b5l7n8e*fVg7b&_5u=k5f+•

magic
•’e(c+b5l7g7a&u=b#e*f*_&e+i e�_�` pq_M{&g�n8c*b8gKm�cMpSl&f5iE` `

s

Value
t

pqc+k*c*r}h8c&l!b5l!ewgP“

points
•

ewpqc x k*c5` a*rGl�^(b&k*e(c&uDc*d�e*f*b#d&i e(e(b&mJk*c*l!d&i n8a&u=_*e*i c&l

s

stresst

f*b d&i l!_�`:g7e!u=b8g(gK_&k5f5i b&^(b&m

s

Side Effects
‘

d�e!u=_&k*bJi gKe!u=a*b

v

e*f*bJi l&i e*i _5`:g7e!u=b8g(gK_5l!mJe*f*b#k*a&u(u=b5l!e”g7e!u=b8g(gK_5u=b h�u!i l!e(b&mJc*a*e�b&^(b5u•{–•&ƒ

i e(b5u=_&e*i c*l7g

s
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B0C
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C
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C

D��H���3"0IJ6JA
L�6��NM

C
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O�P.O+Q
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,$8&/(9
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,.-	/10

=>3

8&9

7*:+;1<

,.-	/10

?@? 3A=	BC;16	7

,$DCEGF$DC/10

?@?

,&H$F�I�/

3A?KJ

0

?@?

,&H$FL-	/

3M2NJ

0

?@?

,&H$F$DC/

3A=�J

0

OQP

71<�7 3 B	R�5	S

,

?@?

F

?@?

/10

T

5�;

O

F

7�<�;�BC7&7

F UWV�X

OQP

71< Y�3

U

O

7

,

OQP

7�<&7
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Z
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cmdscale �

�������
� �"!#�
$&%�!�!��'��%($*)+�,�������'��-

.,/
0'1�2&342&.,5�6�7�2�8
6�9(0:7<;�9(0=2>6�?4@A9(0&7<8CB�6�8�DE6F9�7HG
I�2&6�;�2&J�9(0

K

8�8
I<342>6�9�1�5�7MLN6�9(0POQ7�2>7(R cmdscale 1�9�B�5�7H9
7H9�6C2>6�J�/�1M9

.,9�1�I�2�ST8�U 2>6 1�5�I<J�8(2>6 1 342>7�1�9�6�;�5�7V9�6�3W;�I<5
9�1�5�7H9

;�8
6�U�2'?
/�I<9�1�2'8
6M8�UXJ�8�2>6 1�7(RZY�3(5
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X = [ normrnd(0,1,10,3), normrnd(0,.1,10,1) ]; 

%Calculate their interpoint distances
D = pdist(X,'euclidean');
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A Global Geometr ic Framework for Nonlinear Dimensionality
Reduction, Joshua B. Tenenbaum, Vin de Silva, John C. Langford 



7 K � , 6 2 0 $

�

$ OJ R U LWK P

A Global Geometr ic Framework for Nonlinear Dimensionality
Reduction, Joshua B. Tenenbaum, Vin de Silva, John C. Langford 



' LV WD Q F � 0 H D V X U H � R �

0 D Q LI R OG V

A Global Geometr ic Framework for Nonlinear Dimensionality
Reduction, Joshua B. Tenenbaum, Vin de Silva, John C. Langford 



, 6 2 0 $ � � U R MH F WLR � R � WK �

) D F H � ' D WD

A Global Geometr ic Framework for Nonlinear Dimensionality
Reduction, Joshua B. Tenenbaum, Vin de Silva, John C. Langford 



, 6 2 0 $ � � U R MH F WLR � R � WK �

' LJ LW � ' D WD

A Global Geometr ic Framework for Nonlinear Dimensionality
Reduction, Joshua B. Tenenbaum, Vin de Silva, John C. Langford 



& R P S D U LV R � R , 6 2 0 $

�

W � 2 WK H � & OD VV LF D �

$ OJ R U LWK P V

A Global Geometr ic Framework for Nonlinear Dimensionality
Reduction, Joshua B. Tenenbaum, Vin de Silva, John C. Langford 



, 6 2 0 $ � 6 WU D LJ K � / LQ �

, Q WH U S R OD WLR Q

A Global Geometr ic Framework for Nonlinear Dimensionality
Reduction, Joshua B. Tenenbaum, Vin de Silva, John C. Langford 



$ U WLI LF LD � 1 R V � ' D W � 6 H W

�����	��

�����������������������
�! #"$����%!&'�(�*)'+,���!�.-/�0�,�1���32 4 5658789



$ U WLI LF LD � 1 R V �

$ SS OLF D WLR Q V

R * U R X Q G Z D WH � & R Q WD P LQ D Q � ' H WH F WLR Q

R 7 U LF K OR U R H WK \ OH Q H

R 2 F WD Q H

R + H [ D Q H

R & K OR U R I R U P

R & R OH P D � ) X H O

R ( [ S OR V LY � ' H WH F WLR Q

R & K H P LF D � $ J H Q � ' H WH F WLR Q

R 6 S R LOH � . H WF K X 	 ' H WH F WLR Q



$ U WLI LF LD � 1 R V � , 6 2 0 $ � 5 H V X OWV



/ H X N H P L � * H Q �

( [ S U H VV LR � ' D W � 6 H W

R 5 R X J K O� �����
	 J H Q H V

R ��� S D WLH Q WV

R $ F X WH / \ P S K R F \ WLF / H X N H P L �

� $ // �

R 7 � & H OO

R % � & H OO

R $ F X W 
 0 \ H OR J H Q R X V / H X N H P L �

� $ 0 / � �



$ // � $ 0

�

, 6 2 0 $ �

5 H V X OWV



) U R WK � , 6 2 0 $

�

5 H D G P � ) LOH

>> load swiss _roll_data
>> D = L2_distance(X_data(:,1:1000), X_data(:,1:1000), 1); 

To run Isomap with K = 7 neighbors/point, and produce embeddings
in dimensions 1, 2, ..., 10, type these commands: 

>> options.dims = 1:10;
>> [Y, R, E] = Isomap (D, 'k', 7, options); 
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>> w3d = zero s(200,3);

>> w3d(:,1) =  w(:,1);

>> w3d(:,2) =  w(:,2);

>> w3d(:,3) =  3;

>> help scatt er

>> scatter3(w 3d(classes ==0,1 ) ,w3d(classes= =0,2), 
w3d(classes== 0,3), 'ro' )

>> hold

Current plot held

>> scatter3(w 3d(classes ==1,1 ) ,w3d(classes= =1,2), 
w3d(classes== 1,3),'go')

>> rotate3d

>> view(3)
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>> w3d t = w3d';
>> D =  L2_ dista nce(w 3dt(: , 1:20 0) , w3dt( : ,1: 200), 1);  
>> opt i ons . dims =  1: 10;
>> [Y,  R,  E] = I somap(D, ' k', 7, option s);
Warnin g: F i le: / User s / jso l ka /MATLAB/ISO MAP/ I somap.m L i ne: 141 

Column : 80
Future ver s ions of  MATLAB will r equire t hat whit espac e, a  

comma,
or a s emic olon separ ate e l ement s of  a m atri x . Pl ease t ype
"help matr i x_el ement _sepa r ator s" at  the  MATLAB p r ompt for 

more i nfor matio n.
Constr ucti ng ne i ghbo r hood grap h. . .
Comput i ng short est p aths. . .

Itera t ion : 20     E s tima t ed t i me to co mple t ion: 0.05 7053 
minute s

Itera t ion : 40     E s tima t ed t i me to co mple t ion: 0.04 5498 
minute s

Itera t ion : 60     E s tima t ed t i me to co mple t ion: 0.03 8512 
minute s

Itera t ion : 80     E s tima t ed t i me to co mple t ion: 0.03 2434 
minute s

Itera t ion : 100     Estim ated t i me to c ompl etion : 0.0 26722 
minute s

Itera t ion : 120     Estim ated t i me to c ompl etion : 0.0 21364 
minute s

Itera t ion : 140     Estim ated t i me to c ompl etion : 0.0 15951 
minute s

Itera t ion : 160     Estim ated t i me to c ompl etion : 0.0 10576 
minute s

Itera t ion : 180     Estim ated t i me to c ompl etion : 0.0 05278 
minute s

Itera t ion : 200     Estim ated t i me to c ompl etion : 0 m i nute s
Checki ng f or ou t lier s ...

Number o f con necte d componen t s in  gra ph: 2
Embeddin g componen t 1 w i th 1 00 points .
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Constr ucti ng lo w- dim ensio nal e mbeddings (Cl assic al MD S)...
Isom ap on 100 poin t s wi t h di mensional i ty 1  -- > res i dual 

varian ce =  0.01 599
Isom ap on 100 poin t s wi t h di mensional i ty 2  -- > res i dual 

varian ce =  0.00 31295
Isom ap on 100 poin t s wi t h di mensional i ty 3  -- > res i dual 

varian ce =  0.00 26033
Isom ap on 100 poin t s wi t h di mensional i ty 4  -- > res i dual 

varian ce =  0.00 13834
Isom ap on 100 poin t s wi t h di mensional i ty 5  -- > res i dual 

varian ce =  0.00 13679
Isom ap on 100 poin t s wi t h di mensional i ty 6  -- > res i dual 

varian ce =  0.00 13553
Isom ap on 100 poin t s wi t h di mensional i ty 7  -- > res i dual 

varian ce =  0.00 14831
Isom ap on 100 poin t s wi t h di mensional i ty 8  -- > res i dual 

varian ce =  0.00 15794
Isom ap on 100 poin t s wi t h di mensional i ty 9  -- > res i dual 

varian ce =  0.00 17011
Isom ap on 100 poin t s wi t h di mensional i ty 10  - - > re s idua l 

varian ce =  0.00 17383
>> 
>> fig ure( 1)
>> pri nt - depsc PICS/ prob 2_iso map_graph . eps
>> pri nt - dbmp PICS/ prob2 _isom ap_graph. bmp
>> fig ure( 2)
>> pri nt - depsc PICS/ prob 2_iso map_elbow . eps
>> pri nt - dbmp PICS/ prob2 _isom ap_elbow. bmp
%The c oord i nate s for the  dimen s i onality ref ducti on to each 
%lower dim ensio nal
%ambient s pace i s co ntain ed in  t he y. co ords { d}
>> siz e(Y. coord s{2})
ans =

2   1 00
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