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TERMINOLOGY: Let 5 be a subset of vertices or edges in a connected graph &. The
id to disconnect (7 if the deletion subgraph ¢ — 5 is not connected.

removal of 5 is s

REVIEW FROM §2.4:

s A vertex-c
than G.

in agraph €7 is a vertex-set 7 such that ¢ = {7 has more coraponents

¢ A cut-vertex (or cutpoing) is a vertex-cut consisting of a single vertex.

* An edge-cutin a graph G is a sel of edges 12 such that &'~ [ has more components
than G.

¢ A cut-edge (or bridge} is an edge-cut consisting of a single edge.
& An edge is a cut-edge if and only if it is not a cycle-edge.
DEFINITION: The vertex-conpectivity of a connected graph 7, denoted g, (), is the

mininum mumber of vertices whose removal can either disconnect & or reduce it to a
l-vertex graph.

Thus, if (¢ has at least one pair of non-adjacent vertices, then &, (G} is the size of a
smallest vertex-cut.
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DEFINITION: A graph {7 15 k-connected il (7 is connected and «,((7) > k. If (G has
non-adjacent vertices, then 0 is k-connected il every veptex-cut has at least & vertices,

pEFINITION: The edge-connectivity of a connected graph 7, denoted &, ({7}, is the
minimum nuimber of edges whose removal can disconnect (5.
Thus, il 7 is a connected f:rrmp}lI he (:(]g(r—rulun:('lJ'\'J'I:.' ﬁ,{(?] i5 the size of a smallest

edge-cut.

DEFINITION: A graph (7 is k-edge-connected if (7 15 connected and every edge-cut has
al least k edges (i.e., k() = k).
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Example 5.1.1:  Iu the graph & shown in Figure 5.1.1, the vertex set {x, y} is one of
three different Z-element vertex-cuts, and it is easy to see that there is no cot-vertex,
Thus, #.{€7) = 2. The edge s=t {a,b.c} is the unique J-element edge-cut of graph G,
and there s no edge-cut with lewer than three edges. Therefore, k() = 3.

Figure 5.1.1 A graph ¢ with & ((7) = 2 and %, (7} = 3.

Application 5,.1.1  Network Survivability:  The connectivity measures &, and s, are
used in a quantified model of relwork survivabadity, which is the capacity of a network
to retain connections among its nodes alter some edges or nodes are removed .
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Remark: Since neither the vertex-connectivity nor the edge-connectivity of a graph is
affected by the existence or absence of sell-loops, we will assume that all graphs under
consideration throughout this chapter are loopless, unless otherwise specified.

Proposition 5.1.1. Let 0 be a graph. Then the edge-connectivily v (0] is less than
or equal to the minimum degree 8., (G).
Proof: Let v be a vertex of graph &, with degree & = 4,0, ((¥). Then the deletion of

&

the k edges that are incident on vertex v separates v from the other vertices of (. ¢

REVIEW FROM §4.5: A partition-cut (X, X2} is an edge-cut each of whose edges has
one endpoint in each of the vertex bipartition sets X, and X

The following proposition characterizes the edge-connectivity of a graph in terms
of the size of its partition-cuis. The digraph version of this result is closely related to
the network flow properties established in Chapter 135,
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Proposition 5.1.2. A graph (7 1= k-edge-connected 1f and only il every partitron-cut

contains at feast k edges.

Proof: (=) Suppose that graph & s k-edge-connected. Then every partition-cut of
(7 has at leasi &k edges, since a partition-cut is an edge-cut.

{+=] Suppose that every partition-cot contains at least & edges. By Proposition 4.5.4,
every minimal edge-cot s a partition-cut. Thus, every edge-cut contains at least &

edges. O




Proposition 5.1.3. Let ¢ be any edge of a k-connected graph (&, for k > 3. Then the
edge-deletion subgraph G — ¢ is (k — 1)-connected.

Corollary 5.1.4. Let & be a k-connected graph, and let [} be any set of m edges of
G, form < k= 1. Then the edge-deletion subgraph ¢ — D is (k — m)-connected.

Corollary 5.1.5. Let (7 be a connected graph, Then v (07) = k(0]

Corollary 5.1.6. Lei & be a connected graph. Then s, (0] =k, (60 2 80 ().

A communications network is said to be fault-tolerant if it has at least two alterna-
tive paths between cach pair of vertices. This notion actually characterizes 2-connecied
graphs, as the next theorem demonstrates, The theorem was proved by Hassler Whit-
ney in 1932 and s & prelude to his more general result for k-connected graphs, which
appears in §5.5,

TERMINOLOGY: A vertex of a pat b P is an internal vertex of P il it is neither the
initial nor the final vertex of that path.

DEFINITION: Let w and ¢ be two vertices in a graph . A collection of u-v paths in (' is
said 1o be internally disjoing if no two paths in the collection have an internal vertex
I conimnon,

Theorem 5.1.7 [Whitney's 2-Connected Characterization]. Let & be a con-
nected graph with three or more vertices. Then O 15 2-connected if and only if for each
pair of vertices 1w €, there are two internally disfoint paths between them.

-+ o+ " % + &




Theorem 5.1.9 [Characterization of 2-Connected Graphs]. Let (i be a
nected graph with at least three vertices. Then the following statements are equival

1.

Graph (' is 2-connected.
For any two vertices of (7, there is a cycle containing both.
For any vertex and any edge of (7, there is a cvele containing both.

For any two edges of (. there is a cyvcle containing bath.

For any two vertices and one edge of (i, there Is a path containing all three

For any three distinct vertices of G, there is a path containing all three

which does not contain the third.

. For any three distinct vertices of (7, there is a path containing any two of t
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