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What is a Graph?

= A graph consists of a collection of nodes and edges that connect
the nodes.

= The nodes are entities and the edges represent relationships
between the entities.

= Nodes = proteins in a cell
= Edges = relationships between these proteins

= Usually denoted G = (V, E)
= V= vertices and £= edges

= Edges can of course be assigned weights, directions, and types
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Applications of Graph Theory

= Communication networks

= Social network analysis

= Regulatory and developmental networks
= Citation networks

= Statistical data mining
= Dimensionality reduction
= Classification
= Clustering
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Practicalities

= We are often provided with imperfect data

= There can be errors in our edge assignments

= False positive (relationships that appear between two nodes that
are not actually there)

= False negative (relationships that are real but were not
experimentally detected)

= Untested relationships éthere could be a relationship here but there
was no data to test said relationship)

= There may often be uncertainty associated with the edges.

= Uncertainty between two graphs may merely be related to the
fact that in the second graph the nodes had been more
extensively studied.
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Representations of Graphs

= Graphs can have various representations and
depending on the algorithm that we are
implementing one representation may be more
fortuitous than another.

= Edge list
= Adjacency matrix

= From to matrices
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Graphs and Data Analysis

= Knowledge Representation
= Metabolic and signal transduction networks
= Gene Ontology (GO)

= Bipartite graphs between genes and scientific papers that cite the
genes

= Exploratory Data Analysis

= Mapping of gene expression data onto static knowledge
representation graphs

= Statistical Inference
= Two genes are related due to frequent co-citation or that gene
expression is related to protein complex co-membership
= Random graphs such as Erdos-Reyni as well as simulation graphs
that involve node permutations
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Gene Ontology: A Graph of Concept
Terms
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Figure 10.2. Graph ol GO relatiomships for the term “transcription factor activity™

Gentleman et al., Bioinformatics and Computational Biology Solutions Using R and

Bioconductor, Springer 2005. Introduction to Graph Models
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Bipartite Gene Article Graph
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Figure 19.3. A bipartite graph between genes (LocusLink identifiers, nodes
starting with “LL7) and articles (PubMed identifiers, nodes starting with “PM”).

Gentleman et al., Bioinformatics and Computational Biology Solutions Using R and

Bioconductor, Springer 2005.
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1.1 - Graphs and Digraphs

= Def — A graph G = (V, E)is a mathematical structure
consisting of two finite sets IVand £ The elements of I/
are called the vertices (or nodes), and the elements of £
are called the edges. Each edge has a set of one or two
vertices associated with it, which are called its endpoints.
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Figure 1,11 Line drawings of = graph A and a graph H.

Ex. 1.1.1 — The vertex and edge set of graph Ais V, = {p, g, 1, s} and
E, ={pq, pr, ps, rs, gs}

Ex. 1.1.1 — The (open) neighborhood of a vertex vin a graph G,
denoted MV), is the set of all the neighbors of v. The closed
neighborhood of v is given by N/v] = N(v) U {v}
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1.1 - Simple Graphs and General
Graphs

= Def. — A proper edge joins two distinct vertices.

= Def. — A self-loop is an edge that joins a single endpoint to
itself.

= Def. — A multi-edge is a collection of two or more edges having
identical end-points. The edge multiplicity is the number of
edges within the multi-edge.

= Def. — A simple graph has neither self-loops nor multi-edges.

= Def. — A loopless graph (or multi-graph) may have multi-edges
but no self-loops.

= Def. — A (general) graph may have self-loops and/or multi-
edges.
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i 1.1 - Null and Trivial Graphs

= Def. — A null graph is a graph whose vertex- and
edge-sets are empty.

= Def. — A trivial graph is a graph consisting of one
vertex and no edges.
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i 1.1 — Edge Directions

= Def. — A directed edge (or arc) is an edge, one of
whose endpoints is designated as the tail, and whose
other endpoint is designated as the head.

= Def. — A directed graph (or a digraph) is a graph
each of whose edges is directed.

= A digraph is simple if it has neither self-loops or
multi-arcs.

Introduction to Graph Models
BINF739 Solka/Weller BINF739




1.1 — Edge Directions

s simple. Its arcs are uv, vu, and

Example 1.1.2: The digraph in Figure 1.1.2

R
Figure1.1.2 A simple digraph with a pair of oppositely directed ares.

Exnmple 1.1.31  The digraph 2 In Figare 1.1.3 hae the graph 7 « (16 underly
araph.
o ¥
)

: e
f

w
Figure 1.13 A digreph md ite uwdorlying graph.
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1.1 — Formal Specifications of Graphs
and Digraphs

= Def. — A formal specification of a simple graph is given
by an adjacency table with a row for each vertex,
containing the list of neighbors of that vertex.
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Figum1.94 A simple graph and lis formnl spocification,

Introduction to Graph Models
BINF739 Solka/Weller BINF739




1.1 — Formal Specifications of Graphs
and Digraphs

= Def. — A formal specification of a general graph G = (V, £, endpts)
consists of a list of its vertices, a list of its edges, and a two-row
incidence table (specifying the endpts) function whose columns are
indexed by its edges. The entries in the column corresponding to
edge e are the endpoints of e. The same endpoint appears twice if e
is a self-loop.

V=_u v, w}ond E=1{a, b ¢ d [ g h k}

g edge | a b e d [ g h k

end pts | u u i u 1 ( 1l i

| {7 u v 7 g u (7 [

Figure1.1.5 A general graph and its formal specification.
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1.1 — Formal Specifications of Graphs
and Digraphs

= Def. — A formal specification of a general digraph or a mixed graph D
= (V, E, endpts, head, tail)is obtained from the formal specifications
of the underlying graph by adding the functions head : £; 2 V/;and
tail : £; 2 V, which designate the head vertex and tail vertex of
each arc.

edge a b c d I 4 h k
endpts v w ow ow v u v
3 ; b h h h

i u v ul i u t v

head(a) = tail(a) = head(b) = tail(b) = head(d) = tail(c) = u;
head(c) = head(h) = head(f) = tail(g) = head(k) = tail(k) = v
head(g) = tail(d) = tail(h) = tal(f) = w.

Figure1.1.6 A general digraph and its formal specification.
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1.1 - Mathematical Modeling With
Graphs

= A mixed graph roadmap

model.
Gas Hardware Train
Station Store Station
»—T—' Bank
Dentist Firehouse Grocery
Town Hall
.. @ Dsistor & School
Pizzeria Library
Candy g
Store ark

Figure 1.1.7 Road-map of landmarks in a small town.
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1.1 — Mathematical Modeling with
Graphs

= A digraph model of a
corporate hierarchy

Dept. Head

Supervisors

Staff Members
Figure 1.1.8 A corporate hierarchy.
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1.1 — Degree of a Vertex

= Def. — Adjacent vertices are two vertices that have an
endpoint in common.

= Def. — Adjacent edges are two edges that have an
endpoint in common.

= Def. — If a vertex vis an endpoint of edge g, then v
is said to be incident on €, and eis incident on v.

= Def. — The degree (or valence) of a vertex vin a
graph G, denoted deg(V), is the number of proper
edges incident on v plus twice the number of self-
loops.
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1.1 — Degree of a Vertex

= Def. - The degree sequence of a graph is the sequence formed
by arranging the vertex degrees in non-increasing order.

Example 1.1.9: Figure 1.1.9 shows a graph and its degree sequence.

< 6G,6,4,1,1,0 >

VIWEY X

Figure 1.1.9 A graph and its degree sequence.
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1.1 — Degree of a Vertex

= The degree sequence does not uniquely determine the
graph

Example 1.1.10:

l"ﬂrn sequence.

> <] O

Figure 1.1.10 Two graphs whose degree sequences are both (3.3

Figure 1.1.10 shows two different graphs, G and H

‘.-l.-‘.- ,_.
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1.1 — Degree of a Vertex

\
mple 1.1.11: To construct a graph whose degree sequence is (5.4,3,3,2,1,0),

i} seven isolated vertices vy, va,...,vr. For the even-valued terms n\ the se-
iraw the appropriate number of se ll loops on the corresponding vertices. Thus,
< two self-loops, vs gets one self-loop, and vy remains isolated. For the four

g odd-valued terms, group the corresponding vertic

into any two pairs, for

vy, vs and vs. vs. Then join each pair by a single edge and add to each verfex

ipriate number of self-loops. The resulting graph is shown in Figure 1.1.11.

Figure 1.1.11 Constructing a gl‘ﬂph with degree sequence (5,4,3,3,2,1.0).
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1.1 — Degree of a Vertex

= Thm. 1.1.2 ([Euler's Degree-Sum Theorem]. The sum of the
degrees of the vertices of a graph is twice the number of
edges.
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1.1 — Graphic Sequences

= Def. — A sequence <d,, d,, ... d,> is said to be
graphic if there is a permutation of it that is the
degree sequence of some simple graph. Such a
simple graph is said to realize the sequence.
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1.1 — Indegree and Outdegree in a
Digraph

Def. — The indegree of a vertex v in a digraph is the number of arcs
directed to v; the outdegree of vertex v is the number of arcs
directed from v. Each self-loop at v counts one toward the indegree
of v and one toward the outdegree.

VETTex u

!
indegree [ 3 4 1
)

i_lll[*.l::'f.‘,'i""f.' B!
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1.2 Common Families of Graphs

Figure 1.2.1 The first five complete graphs.

sL. L]

Figure 1.2.2 Two bipartite graphs.
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1.2 Common Families of Graphs

VAN

Figure 1.2.3 The smallest non-bipartite simple graph.

CFIN

Figure 1.2.4 The complete bipartite graph K 4.
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1.2 Common Families of Graphs

= Def. A regular graph is a graph whose vertices all have equal
degree.

Tetrahedron Cube QOctahedron
Dodecahedron Icosahedron

Figure 1.2.5 The five platonic graphs.
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1.2 Common Families of Graphs

= The Petersen graph (a “poster child” for conjecture testing
and theorem proving)

Figure 1.2.6 The Petersen graph.
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1.2 Common Families of Graphs

= We can use graph theoretic models to model chemical
compounds

= Working Group on Computer-Generated Conjectures
from Graph Theoretic and Chemical Databases I

s http://dimacs.rutgers.edu/SpecialYears/2001 Data/Conjectures/

abstracts.html

o—=0

Figure 1.2.7 A 2-regular graph representing the oxygen molecule Os.
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1.2 Common Families of Graphs

> W

Figure 1.2.8 Bouquets B and Bj.

e B

= —

Figure 1.2.9 Dipoles D3 and ;.
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1.2 Common Families of Graphs

DEFINITION: A path graph P is a simple graph with [Vp| = |Ep|+1 that can be drawn
so that all of its vertices and edges lie on a single straight line. A path graph with n
vertices and n — 1 edges is denoted P,.

Example 1.2.7: Path graphs P, and Py are shown in Figure 1.2.10.

P, o—e

Py 0—0/.\.

Figure 1.2.10 Path graphs P, and Fj.
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1.2 Common Families of Graphs

DEFINITION: A cyele graph is a single vertex with a self-loop or a simple graph ¢ with
|Ve| = |E¢| that can be drawn so that all of its vertices and edges lie on a single circle.
An n-vertex cycle graph is denoted C,.

Example 1.2.8: The cycle graphs 'y, C4, and €'y are shown in Figure 1.2.11.

LON

Figure 1.2.11 Cycle graphs ', (s, and (4.

Cq
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1.2 Common Families of Graphs

pEFINITION: The hypercube graph @, is the n-regular graph whose vertex-set is the
set of bitstrings of length n, and such that there is an edge between two vertices if and
only if they differ in exactly one bit

]
e E
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1.2 Common Families of Graphs

—y

s

2 3 2 4 3

1213 The circulant graphs cire(5: 1,2), cire(6 : 1,2), and cire(8 : 1, 4).
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1.2 Common Families of Graphs

T10%: A simple graph G with vertex-set Vg = {vy,va, ..., vy} is an intersection

gl i there exists a family of sets F = {51, S2. ..., 5, ) such that vertex v; is adjacent

fand only i £ j and §;NS; £ 0

A\ simple graph is an interval graph if it is an intersection graph corre-
1 family of intervals on the real line.

The graph in Figure 1.2.14 is an interval graph for the following

a+(1.3) bo (2,6) ¢+ (5,8) d+ (4,7)
a b
d PC

Figure 1.2.14 An interval graph.
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1.2 Common Families of Graphs

m 70pics in intersection graph theory
= [SIAM Monographs on Discrete Mathematics and Applications #2]
Terry A. McKee and F.R. McMorris.
Society for Industrial and Applied Mathematics (SIAM),
Philadelphia, PA, 1999, vii+205 pp.
= ISBN: 0-89871-430-3
QA 166.105.M34
= Decomposition of overlapping protein complexes: A graph theoretical
method for analyzing static and dynamic protein associations Elena
Zotenkol,2, Katia S Guimardesl1,3, Raja Jothil and Teresa M Przytycka,
Algorithms for Molecular Biology 2006, 1:7
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1.2 Common Families of Graphs

pEFINITION: The line graph L(G) of a gr.’q:nlw G has a vertex for each edge of G, and
two vertices in L((G) are adjacent if and only if the corresponding edges in G have a
vertex in common

['hus, the line graph L{() is the intersection graph corresponding to the endpoint sets

’.»l- the l"tigv'b of (.

Example 1.2.13: Tigure 1.2.16 shows a graph  and its line graph L(G).
a
a ) ’ "
f
e € e 4 ?
G L(G)

Figure 1.2.16 A graph and its line graph.
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i 1.3 Graph Modeling Applications

O——H

A bipartite encoding a document
collection.

Words Documents

Introduction to Graph Models
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i 1.3 Graph Modeling Applications

A bipartite encoding of a gene
expression experiment.

genes samples

Introduction to Graph Models
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1.3 Graph Modeling Applications
(Evolution of co-author networks)

Proig=—tas ?()s
Chon T

ZZZZZ

http://www.scimaps.org/dev/big_thumb.php?map_id=54
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1.3 Graph Modeling Applications

e Classroom friendship
data

¢ Dark lines indicate
reciprocated
relationships.

¢ Random Effects
Models for Network
Data (2003) Peter Hoff
Proceedings of the

: National Academy of

L m boy 4 Scie_nces: Symposium on

a e qirl Social NehNork An_aIyS|s
for National Security
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i 1.3 Graph Modeling Applications

megdow leaf pussy
willow beetle willow

bronze Yelioy
arackle warbler

snail frog snake

Figure 1.3.8 The food web in a Canadian willow forest.
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i 1.3 Graph Modeling Applications

9-11 Network

A il
[T s

R M. Abdubah),
B

;

Moharmed Abds
(Satem Anazs)
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1.3 — Graph Modeling Applications

Graph Size = 500
Mutual Information Thresheld =1

ANTHRO

nodes are documents

threshold determines which
words are important

edge between documents
that share important words

Edge between i and j if

MATHECOMP M-NM; n

! AMnd| e large
|51 ]
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1.4 — Walks and Distance

= Def. - In a graph G, a walk from vertex v, to vertex v, is an alternating
sequence

W=<vye,v,ey.,hV,, €, V,>
of vertices and edges such that endpts(e) = {v., v},
fori=1,..., n. If Gis a digraph (or a mixed graph),
then Wis a directed walk if each edge ¢, is directed
from vertex v, to vertex v, i.e. tail(e) = v., and
head(e) = v;

= Def. — The length of a walk or a directed walk is the number of edge-
steps in the walk sequence.

= Def. — Closed walks begin and end on the same vertex, while open
walks begin and end on different vertices.

Introduction to Graph Models
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1.4 — Walks and Distance

DE NJ cr

Figure 141 Geographic adjacency of the northeastern states.
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1.4 — Walks and Distance

Example 1.4.2: In the Markov diagram below (from Application 1.3.12), the choice
sequence of a cereal eater who buys C

switches to W's, sticks with W's for two more
boxes, and then switches back to O's is represented by the closed directed walk

(O, W, W, W, 0)
The product of the transition probabilities along a walk in any Markov diagram equals
robability that the pro

ss will follow that walk during an experimental trial. Thus,
obability that this walk occurs, when starting from O’s equals .4 x .Tx .7 x .3 =

3

Figure 1.4.2 Markov process from Application 1.3.12.

Introduction to Graph Models
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1.4 — Walks and Distance

= Def. — The distance d(s,¢) from a vertex sto a vertex tin a
graph Gis the length of a shortest s-t walk if one exists;
otherwise, d(s,t) = infinity. For digraphs, the directed distance
d(s,t)is the length of the shortest directed walk from sto &

ME

wv

MD

NJ
DE cT

Figure 1.45 Geographic adjacency of the northeastern states.
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1.4 — Walks and Distance

Sgwe 146 How might you find a shortest walk from s to t in this graph?

Introduction to Graph Models
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1.4 — Walks and Distance

= Def. — The eccentricity of a vertex v in a graph G, denoted
ecc(v), is the distance from v to a vertex farthest from v. That

is
ecc(v) = max,, {d (v, x)}
= The diameter of a graph G, denoted diam(G), is the maximum

of the vertex eccentricities in G, or equivalently, the maximum
distance between two vertices in G. That is,

dlam(G) = maXxD\/G {eCC(X)} = maxx,yD\/G {d (X’ y)}

Introduction to Graph Models
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1.4 — Walks and Distance

= Def. — The radius of a graph G, denoted rad(G), is the
minimum of the vertex eccentricities. That is,

rad(G) = min,;,_{ecc(x)}

= Def. — A central vertex v of a graph Gis a vertex with
minimum eccentricity. Thus, ecc(v) = rad(G).

diameter 4, achieved by the
tricity 2 and all other

Example 1.4.7: The graph of Figure 1 1.7 below has
vertex pairs u,v and u,w. The vertices z and y have

vertices have greater eccentricity. Thus, the graph has radius 2 and central vertices x

and y : IX Iv
u
LW

y

Figure 1.4.7 A graph with diameter 4 and radius 2.

Introduction to Graph Models
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1.4 — Walks and Distance

= Def. — Vertex vis reachable from vertex v if there is
a walk from vto v.

= Def. — A graph is connected if for every pair of
vertices v and v, there is a walk from v to v.

= Def. — A digraph is connected if its underlying graph
is connected.

Introduction to Graph Models
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!L 1.4 — Walks and Distance

Figure1.4.8 A non-connected graph with three components.

Introduction to Graph Models
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i 1.4 — Walks and Distances

= Def. — Two vertices vand v in a digraph D are said to
be mutually reachable if D contains both a directed
v walk and a directed v~u walk.

= Def. — A digraph D is strongly connected if every two
of its vertices are mutually reachable.

Introduction to Graph Models
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i 1.4 — Walks and Distances

o i

X
w

Figure 1.49 A strongly connected digraph.
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1.5 — Paths, Cycles, and Trees

Def. — A trail is a walk with no repeated edges.

Def. — A path is a trail with no repeated vertices
(except possibly the initial and final vertices).

Figure 1.5.1 Walk I/ is not a trail, and trail 7" is not a path.

Introduction to Graph Models
BINF739 Solka/Weller BINF739

1.5 — Paths, Cycles, and Trees

Def. — A nontrivial closed path is called a cycle.
De. — An acyclic graph is a graph that has no cycles.

Def. — A cycle that includes every vertex of a graph is
called a hamilton cycle.

Def. — A hamilton graph is a graph that has a
hamilton cycle.

Introduction to Graph Models
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i 1.5 — Paths, Cycles, and Trees

u 1 z Y

v w X

Figure 1.5.3 A hamiltonian graph.
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i 1.5 — Paths, Cycles, and Trees

= Def. — An eulerian trail in a graph is a trail that
contains every edge of that graph.

= Def. — An eulerian tour is a closed eulerian trail.

= Def. — An eulerian graph is a graph that has an
eulerian tour.

Introduction to Graph Models
BINF739 Solka/Weller BINF739

31



1.5 — Paths, Cycles, and Trees

Figure 1.5.6 An eulerian graph.
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1.5 — Paths, Cycles, and Trees

= Def. — The girth of a graph G with at least one cycle is the
length of a shortest cycle in G. The girth if an acyclic graph
is undefined.

Figure1.5.7 A graph with girth 3.
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1.5 — Paths, Cycles, and Trees

= Def. — A tree is a connected graph that has no cycles.

3 Autogenerated HTML - Microsoft Internet Explorer EEE
Fle Ede Vew Favorkes Tods Hep &
Qe - ®) (2] @D O sewch Sizravortes @ ede o B

icivess &) Citfserondty avry\SteiesT_1_3 el e

mis"

®rpemoic Riont s and background or mare optons

Inter Strength

B poplt com touchraph.raphieyot raphLayoutsglet tarted 3 11y Conputer
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Tree

1.5 — Paths, Cycles, and Trees

File Edit Help

Soarchreo: weif)

cell activ rat
protein cell express beta express induc!
activ bind peptid protein bind peptid
protein cell patient SRS e

isol infect gene strain isol pcr

patient infect strain dna gene sequenc
isol pcr dna patient infect case
protein cell activ viru diseas clinic

water acid membran adsorpt membran surfac

phase adsorpt ion ion solut polym

separ membran surfac extract phase separ

water phase soil liquid ms capillari

adsorpt extract surfac ol waterTemov

soil water pcb degrad wastewat sludg
contamin remov degrad

pcb pedd polychlorin
dioxin congen sediment.
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1.6 — Vertex and Edge Attributes:
More Applications

= Def. — A weighted graph is a graph in which each
edge is assigned a number, called the edge weight.

R3 Geodesic and ISOMAP Geodesic and

Shortest Path

Manifold Geodesic Associated Nearest Neighbor
Graph
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1.6 — Vertex and Edge Attributes:
More Applications

= Definition (Minimal Spanning Tree (MST)) — The collection of edges
that join all of the points in a set together, with the minimum possible
sum of edge values. The edge values that will be used here is the
distance measures stored in our interpoint distance matrix.

Associated MST.
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1.6 — Vertex and Edge Attributes:
More Applications

Graph Partitioning

Given a graph G = (V, E), the classical graph bipartitioning or bisection problem is to find

nearly equally-sized vertex subsets V5, V3 of V' such that

cut(V5, V3 = min eut(Vy, Vo).
V1. V3) N3 (V1. V2)

samples

1.6 — Vertex and Edge Attributes:
i More Applications

ﬁ-\ 65 3

90
Figure 1.6.4 A maximum-flow problem.
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